Mass Transfer at Low Flow Rates
in a Packed Column

Mass transfer in packed columns has been investigated for a variety of column and
packing sizes but at flow rates restricted to fully developed turbulent conditions. The present
work was undertaken to investigate mass transfer at flow-rate conditions in the transition

and laminar regions.

A dual treatment of experimental data required a knowledge of the variation of con-
centration and velocity with radial position. A tracer-injection technique was employed
which consisted in the introduction of a fracer gas into the center of a bulk gas stream
and the measurement of the tracer-gas concentration at various radial positions down-
stream. The velocity distribution for the packed column was determined by means of a
five-loop, circular, hot-wire anemometer. The test column was a vertical 4-in. pipe, packed
with %-in. spherical, ceramic catalyst-support pellets.

Mass transfer diffusivity and Peclet number were determined from two solutions of
the differential-diffusion equation applied in previous investigations. An analytical solution
in terms of Bessel functions was used to calculate values of average diffusivity and Peclet
number and a seminumerical solution in terms of homogeneous linear-difference equations
to calculate values of point diffusivity and Peclet number.

Variation of diffusivity and Peclet number with radial position is shown, average dif-
fusivity and Peclet number being correlated with Reynolds number. The interaction of
molecular and eddy mass transfer mechanisms with decreasing mass velocity is illustrated
by defining a molecular and an eddy Peclet number and correlating with Reynolds number.
Eddy diffusivity is correlated as a function of local flow conditions.

This paper presents a continuation of a
previous study of mass transfer in a
packed system (). In the first paper
mass transfer was investigated in the
turbulent region for a range of column
and packing sizes; the present study
considered the flow range over which a
separation of molecular and eddy mecha-
nisms could be obtained. Consequently
the lower velocity streams in the laminar
and transition regions were investigated
as well as the initial points of the fully
developed turbulent region.

The general expression for the rate of
mags transfer is
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Two previous studies of mass transfer in
packed systems differed in the approach
used in the definition of diffusivity.
Bernard (2) considered diffusivity to be
independent of position in the system.
An average diffusivity was thereby
obtained which is an average for all flow
condifions throughout the system. The
approach used in the previous work (I)
was to permit diffusivity and velocity to
vary with radial position. A “point”
diffusivity was obtained which is a
function of position in the system, that
is of point flow conditions.

These two mathematical techniques,
used to solve the basic differential equa-
tion for mass transfer under the different
assumptions, were employed in this
work, to obtain a wider expression for the
mass transfer parameters. The average
diffusivity was analyzed for molecular
and eddy contributions, and the variable
termm was analyzed for an expression

N, =
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relating diffusivity with point flow
conditions and radial position. While the
packed column is not a general system for
the study of mass transfer, the techniques
of definition and caleulation derived
herein are not restricted to this system.

EQUIPMENT AND PROCEDURE

The general experimental equipment used
in this study was described in detail in the
previous paper (1). The only new piece of
apparatus introduced was a five-loop,
circular hot-wire anemometer used to deter-
mine the velocity distribution across the
packed bed. Figure 1 is a schematic repre-~
sentation of the anemometer. Platinum wire
of 0.006-in. diameter was used for the loops.
Construction details and calibration pro-
cedures are discussed by Schwartz (3).

The experimental procedure to obtain
concentration data was essentially that
described previously. The technique for
velocity determination in the packed
system (3) indicated that an optimum
position above the bed exists for the
measurement of velocities representing the
true distribution in the packing. If the
loops are located lower than this optimum
position, the extreme turbulence of the
gas emerging from the packing (radial
velocities of the air emerging from restricted
flow and returning to empty tube condi-
tions) would cause the anemometer to
indicate too high a velocity owing to the
cooling by these radially directed velocity
components, If the anemometer were
higher, a return of the wvelocities to an
empty-tube distribution would be obtained.
The anemometer was operated at 1 in.
above the bed in this investigation, after
this was determined experimentally as an
optimum height.

CALCULATION OF RESULTS

The basic differential equation for mass
transfer, which considers diffusion in the
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radial direction only and bulk flow in the
axial direction, is
aC

ar ( §g> = 0z @

Angular symmetry is assumed. The
following boundary conditions are im-
posed:

1. At z = 0, the plane of the injection
tube tip

Cr,0) =C; for 0<r <t
and
Cr,0) =0, for t<r<r
2. At the tube wall
aClr, , 2 .
ar 0
3. At the tube center
8C0,2) _ 0
or

Analytical Solution

On the assumption that £ and u are
independent of position, the solution of
Equation (2) presented by Bernard (2)
and modified by Kurihara (4) is in the
form of an infinite Fourier-Bessel series

cCy _ 1 Ji(Bnt)
1+7 nzl NACES)

A M
Jo(B.r) exp (—B.'2/a)

The series converges rapidly for small
values of Coz/Chin; that is 2 is sufficiently
great. The reduced form of Equation (3)
is

0, 2

A M

®3)

2 J.(Bit)
6 Jo (617'0)

Jo(Bir) exp ("",3122/0‘)

Concentration at the column center,

4

where r = 0, is given by
Co Ca _ 2 J.Bit)
CA CM B, J 02(517'0)

6y
exp (—8,°2/)

By plotting C/C4 vs. Jo(Br) one can
obtain the value of Co/C, analytically.
The intercept of such a linear plot is
Cy/Cy4. Since all of the other terms of
Equation (5) are then known, o can be
calculated. The average Peclet number
can also be calculated, since

Vv
*E
Equation (4) was applied in this
investigation by the fitting of the experi-

Pe =D = D (6)
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Fig. 1. Hot-wire anemometer.

mental concentration data to a linear
relationship with the first-order Bessel
function by the least squares procedure.
The analytical determination of Ca/Ca
differs from that employed by Bernard,
which was a graphical integration of
point concentration data on an area-
weighted basis. The analytical procedure
was preferred, since more dependence on
the linear relationship is necessarily
involved.

lustration of Analytical Solution

Application of least squares to the
experimental concentration data, for a
run at a mass velocity of 214 lb./sq. ft./
hr., established the following best line:

C£ = 0.6404 J,(8:7) + 1.086 (7
A

The value of Cp/C, = 1,086, and
Co/C4 = 1.726. The value of Co/C, then
is 1.516. From Equation (4)

2
L+ ©435/2)(1.904)

J,(1.904 X 0.435/2)
J(1.904 X 2.013)

X exp (—1.904" X 30.4/a)
1 4 6.003 exp (—145.459/a)
= 1 4 6.003 exp (—28.839/Pe)

The « ratio and Peclet number are

a = 44807 in.”', and Pe = 11.74

Diffusivity, in terms of the corresponding
flow rates, is given as the reciprocal of
the « ratio

E/V = 0.0223 in.

Since V is based upon superficial column
area, any [ calculated from this ratio
will also be on a superficial basis; the «
ratio is however a ratio of the true
restricted terms

Vi _ vV _

1.516 =

X

E/s

Seminumerical Solution

Under the rigid assumptions that the
mass transfer process is a function of local

o
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Fig. 2. Variation of concentration with
angular position.

flow conditions and that the velocity
and diffusivity vary with position in the
system, Equation (2) involves functional
relations between diffusivity and velocity
with radial position. Since the nature of
these relations is unknown, an analytical
solution i8 not possible. A seminumerical
method was employed in the previous
work (1) to solve the equation. Equation
(2) was replaced by a system of difference
equations written about points over the
radius. This system is linear in the eigen
functions at each interval about the
point and in the eigen value. Solution of
Equation (2) is of the form

N

C = 2 AR, exp (—N\2/rd) (8)

n=0

A simplification in the solution is
possible. Since Equation (8) involves
negative exponential terms in z and A,
and since A increases with n, the series
converges rapidly for a sufficiently large
Z:

C = ARoZ, + AR, Z, (9)

when one applies boundary conditions
1 to 3 and imposes the orthogonality of
the eigen functions, a direct solution for
diffusivity is available in the form

k
)\1h2 Z Pk(Ck - CM)
k=0

o (10)
Sl Bri12(C — Ciin)
The value of A; is given by
r 2
A= ——20— In Z, (11)

where

N t
Z;Pk(ck —Cw)?X 2P,
k= k=0

Z,= 7
: (12)
Zpk(Ck - CM) X ZCkPk
k=0 k=0

The mean integral concentration is

obtained by a volumetric flow rate-
weighted average of point concentrations:
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Fig. 3a. Variation of concentration with
Bessel function of zero order, Equation (11).
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1 N
f Cubds > CP,
— 0 — k=0 (13)

1 N
f ud d > P,
0 k=0

lllustration of Seminumerical Solution

Cu

The seminumerical solution is illus-
trated in Table 1, which has been sub-
divided to illustrate better the details
involved.

RESULTS

Concentration data in the form of
C/C4 ratios were tsed directly in the
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mathematical analysis, since the analyt-
ical solution is of this form, and the
numerical solution involves a homo-
geneous ratio of concentrations. Similarly
velocity data in the form of u./V ratios
were used directly in the seminumerical
solution to yield values of E,..//V cor-
responding to the « ratio.

Figure 2 illustrates the deviation of the
test bed from perfect angular symmetry
of packing, which was assumed in both
solutions. The concentration data used
represent the average of six points of
radial symmetry, thereby weighting the
concentrations throughout the bed.

Vol. 5, No. 2

TaBLE 1. SEMINUMERICAL SOLUTION

Positions. Calculation of Gy

€algulation of Eigen Value

Calculation of Diffusivity and Baclet. Nusbér
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Lree = RO Foeeid  EF = TRy
b p AN UL S A . T
2 2,013 2 0,38
N . :E:. 1n (é;): sy 1n 13.381 3858 1n
2 i, - D_(uy 1/2/¥)
v A g‘o T aues) (1/8)2(0.2178) = 0.0176 tn. (Pe) Bk AR Lm%{c_.g_el : 8,68,
T afe . O 7 312 5L A (6.5176 in)
232 6y 172 €3-Ca) . - E3 12

8p, 1s obtained by consideration of an increment of one-half normal widtn, and must then be equivalent to 1/2P(n/3),

where P(n/A} 18 the mean value of P 1n the region 0L @/2< h/2.
ond P, ¢ 1/AP(n/2).
By aieilar reasoning, Pg = 01/2P/(7 12)h 7.

Since velocity changes megligibl. in this reglon, P(n/4) = 1/2r{n/2),

€Since t 1s non-integral in k, the summation ia performed to the next integral value above t, and the resulting’ valve

1inearly proportioned.

proportion the Py{Cy-Cy)/Cyq ters.

1In this application t  0,1152, which 18 less than one increment; bence, the t/h fraction 1s used to

Figures 3a, b illustrate the fit of con-
centration data to the theoretical rela-
tions developed in the mathematical
solutions. Figure 3a represents a plot of
Equation (4). The data are seen to
scatter seriously at high values of Co/C4
corresponding to peak values of Peclet
number. The linear relationships shown
were established by least squares. Figure
3b represents a plot of Equation (8).
These data are smoothed values fitted to
the boundary conditions and used in the
seminumerical solution. Scatter of data
about the smoothed curves was generally
much less than that experienced in the
linear fitting.

Velocity distribution across the test
bed is shown in Figure 4a. This distribu-
tion was found to be essentially inde-
pendent of total flow rate above an
average superficial velocity of 0.4 ft./sec.,
in agreement with the results of Schwartz
(8). The plot of point velocity vs. average
velocity at constant radial position
(Figure 4b) indicates this independence,
as well as the deviation from a uniform
distribution at low flow rates. Generally
the hot-wire anemometer was found to
give a sufficiently accurate material
balance only at average velocities above
0.2 ft./sec., which prevents the numerical
treatment of data below this velocity.

Average diffusivity and Peclet number,
determined over a range of mass velocities
from 985 to 3.54 1b./(sq. ft.)(hr.), are
shown in Figures 5a, b, plotted against
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Reynolds number. The values of average
diffusivity and Peclet nurmaber are tabu-
lated in Table 2.*

Point diffusivity and Peclet number
are shown as functions of radial position
in Figures 6a and b. Point diffusivity was
found to be constant at the bed center,
to reach a maximum near the column
wall, and to decrease at the wall. Point
Peclet number was found to be constant
at the bed center and to increase as the
column wall was approached. An expected
decrease of Peclet number at the wall was
not detected, since the numerical method
yielded an average value at one-half
increment away from the wall. Point
diffusivity and Peclet number are listed
in Tables 3* and 4* for eight mass
velocities ranging from 985 to 50.2
1b./(sq. ft.)(hr.)

DISCUSSION OF RESULTS

The scope of this investigation was
chosen to cover an extended range of a
Peclet number-Reynolds curve, which
includes the initial points of a fully
developed turbulent region, the full
transition region, and the onset of the
laminar region. Of special interest was a
study of the interaction of eddy and

*Tables 2, 3 and 4 are on file with the American
Documentation Institute, Auxiliary Publications
Photoduplication Service Library of Congress,
‘Washington 25, D. C., and may be ordered as
document No. 5871 on remission of $1.25 for
microfilm or $1.25 for photoprints.
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molecular mechanisms as the importance
of molecular transfer developed.

An inspection of Figure 5b will reveal
qualitatively the interaction of eddy and
molecular mechanisms. At a Reynolds
number above 200 the Peclet number is
found to be essentially constant with
velocity, as has been demonstrated by
Towle and Sherwood (5) and Bernard
(2) for empty tubes and in the previous
work (1) for packed beds. At a Reynolds
number of 200 a break in the curve is
observed, corresponding to the departure
of eddy diffusivity from a linear relation-
ship with velocity. As Reynolds number
(velocity) decreases, the eddy diffusivity
decreases more rapidly, with a corre-
sponding increase in Peclet number. With
further decrease in Reynolds number the
turbulent effects in the bed diminish.
Molecular diffusivity, which is inde-
pendent of veloeity, becomes increasingly
important, that is of the same order of
magnitude as the eddy diffusivity. With
further decrease in Reynolds number
Peclet number reaches a maximum and
then decreases as the eddy diffusivity
damps out, ultimately reaching a linear
relationship with velocity during com-
pletely laminar flow. In Figure 5a diffu-
sivity is seen to assume a limiting value
at low Reynolds number. This is pre-
sumably the molecular diffusivity. Since
this value is determined on a superficial
basis, @« = (V/8)/D,, the limiting value
obtained is D,8. When one uses a value
of 6 = 0.32 (6), the value of D, obtained
is 0.45 sq. ft./hr., which agrees with the
published value of molecular diffusivity
for carbon dioxide in air (7).

An over-all correlation of data from
this investigation with those reported
from other works is presented in Figure 7.
An empirical relation developed pre-
viously (f) was used to correlate various
column and packing sizes.

THEORETICAL CONSIDERATIONS

A quantitative explanation of mass
transfer in a given system is inherently
based upon a knowledge of flow condi-
tions existing within the system. Limita-
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tions in the precise definition of the
nature of these flow conditions impose
severe limitations upon an analogous
definition of the mechanism of mass
transfer. Virtually all previous studies of
the diffusional mechanism have concerned
themselves with the consideration of fully
developed turbulent systems. In general,
application of existing theories of turbu-
lence has aided substantially in the
understanding of diffusion in these
turbulent systems. Application of the
theories of turbulence to a system so
complex as a packed bed however must be
greatly restricted, since many of the basic
physiecal conditions of empty-tube turbu-
lence do not pertain. While in empty
tubes eddy displacements are random
in length and subjected generally only to
tube-wall restrictions, in packed beds
these are controlled by randomly arranged
interstitial channels, While the scale of
turbulence decreases, the intensity of
turbulence is seen to increase. Still further
complexities are introduced by the
coexistence of laminar and turbulent
conditions within individual voids.

T T 11
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Fig. 6a. Variation of diffusivity with radial
position.
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analytical method.

The mass transfer mechanism in a
packed bed has been described on a
theoretical basis with a completely
developed state of turbulence (complete
mixing within a void and sufficiently high
velocities with a correspondingly large
number of fluid elements into and out of
a void) for a regular packing arrangement
assumed. In accordance with the random
walk theory (8) Peclet number is given by

1 -R,

Ny =cy TR (14)

with B, = —1 indicating laminar con-
ditions and B, = 0 indicating complete
mixing. The increase in Peclet number
with radial position can be explained on
a semitheoretical basis as a result of
a change in the correlation coeflicient
from a value near zero throughout the
center portion of the bed to negative
values nearer the wall, with B, = —1
giving an infinite Peclet number. This is
a semitheoretical approach, since the
derivation of the random walk theory
depends upon the existence of complete

40|

o =985
o G= 16

1 T 1 T 7

Fig. 6b. Variation of Peclet number with
radial position.
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turbulence, that is, the correlation
coefficient being constant at zero.

Bernard (2) used pressure-drop dats
to determine the nature of turbulence
in a packed bed. Since experimental
friction-factor-Reynolds-number curves
indicated no sharp breaks over the tran-
sition region (defined by the break in
Peclet-number-Reynolds-number curve)
as contrasted with the discontinuity in
the empty tube curve, the turbulence
existing within the bed is seen to develop
gradually over the range of flows. The
correlation of pressure-drop and mass
transfer data with the packing diameter
used as the length parameter seems to
indicate that interstitial turbulence is a
function of packing sizes.

The continuous nature of the friction-
factor-Reynolds-number curves does not
indicate the physical significance of the
transition point in Peclet-number-Reyn-
olds-number curves. This was postulated
by Bernard from the following experi-
mental observations. In liquid systems
large eddies with scales up fo several
particle diameters were observed for
flow rates considerably below turbulent
values. The pressure drop, which is
essentially dependent on flow conditions
in the interstices between packing par-
ticles, would therefore not reflect the
existence of these large eddies, and in
turn these large eddies cannot be assumed
to cause the interstitial turbulence.
When one considers that the Reynolds
number point of departure of the tran-
sition region from the turbulent region
was found to increase in magnitude
directly with D,/D; or to remain fixed
with a Reynolds number based upon D,,
the transition region is thought to be
created by these large eddies, which
apparently are generated under conditions
similar to empty-tube conditions. Fur-
ther at fully developed turbulent condi-
tions the large eddies were no longer
present.

These two systems, while in agreement
from pressure-drop considerations, are
irresolvable in an attempt to define a
mass transfer mechanism on the basis of
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either. Point diffusivity was found to be
proportional to both factors, that is
proportional to column diameter near
the wall and to pellet diameter near the
bed center. Any development of a diffu-
sional mechanism must then consider
both processes. Yet any attempt to
visualize a mechanism for mass transfer
is generally reduced to a consideration of
a single void. Perhaps then the most
significant approach is to analyze an
over-all mechanism, as is suggested by
the average data obtained from the
analytieal solution, and also to analyze a
variable mechanism, as is suggested by
point data obtained from the numerical
solution.

Average Diffusivity Data

Since the molecular and the eddy
mechanisms are seen to be involved in
the over-all process, a parallel transfer is
perceivable:

E=D,+E (15)
T T A L
SO0 .
10
5—
>
o
)
o
w
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x
v
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0.1 L . L 1
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Fig. 9a. Velocity function, Equation (31).
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or when one rearranges

i 1 i
vE = 1D, tiE 19
and when one divides through by D,V,
1 1 1
Wer = Moo T W 0

A means of determining the molecular
term is now found in the Peclet number
defining identity

(NP¢>M = NEe”(NSc)M (18)
where
Nuo = D, 278
"
and (19-20)
Ns)u = 7=
( 8 )M D,)P

Molecular Peclet number is then given by

(Nzdu = D,V/D,s (21)

When a void fraction of 0.32 (6), with a
value of unity for the molecular Schmidt

L L T T
10f x 4
i x
A
8 ;g X . x 4
x x '
S sL x .
x
4L+ ¥ e
§
x
2r i
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Fig. 9b. Position function, Equation (32).
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number, is assumed, the molecular

Peclet number is

(Np,)M = 3.13NR9' (22)
The eddy Peclet number can then be
calculated from Equation (17).

The average Peclet numbers were
treated in this manner. The resulting
values of eddy and molecular Peclet
numbers as well as the total Peclet
number are plotted against Reynolds
number in Figure 8. Eddy Peclet number
is seen to be indistinguishable from total
Peclet number for Reynolds numbers
above 300, to increase quite gradually
from this identity with total Peclet
number for Reynolds number between
300 and 30, and to increase sharply at a
Reynolds number of about 8. This last
point is interpreted as the point of severe
damping of turbulence within the bed.

An inspection of Figure 8 reveals that,
consistent with the observations of
Bernard, an eddy effect is permissible in
this gaseous system down to very low
values of Reynolds number. Further as
Reynolds number tends toward zero, the
eddy mechanism is seen to damp out
rapidly, thereby allowing an establish-
ment of completely laminar conditions.
The lowest measured effective Peclet
number was found to be equal to the
theoretical molecular Peclet number,
which leads to the conclusion that com-
pletely laminar conditions were found to
exist.

Point Diffusivity Data

A second approach to the examination
of the mass transfer process involves
diffusivity as a function of local flow
conditions. The nature of this function
can then be determined by the fitting
of experimental point data to the proposed
expression. From Equation (15) the total
diffusivity can be expressed as a molecular
term and an eddy term, the former being
invariant in the system. Hence

E=D, +Kft,8) (23
The value assumed for the molecular
diffusivity in this system was the limiting
value of diffusivity shown in Figure 5a.
By plotting E;, or (B — D,)i, vs. uy at
constant radial positions, one obtains
the relationship

(E—- D, = Kk'llkLlZ 24
By plotting K, vs. 0 one gets
K, = 7801 + 6" — 26" (25)
Tquation (23) then becomes
- . 1.12 1.7
E, = D, + 7.80m, Q1+ 6 (26)

— 203.4)
Figures 9a, b show the fit of experimental

data to the velocity and position func-
tions.
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Equation (26) represents the data for
the system investigated in this work. The
equation is restricted to the system
studied, since no general variation of
column or packing size was considered,
that is the D,/D, parameter. However
the general technique of determining
velocity and position functions on an
empirical basis seems to be a sound
approach. Equation (26) can be used to
predict diffusivity for the system from a
knowledge of the velocity distribution.

The variation of eddy diffusivity with
radial position can be interpreted theo-
retically on the basis of the Prandtl
mixing-length definition of diffusivity as
the product of deviating velocity and
eddy mixing length. Since point velocity
and void space, characterizing the deviat-
ing velocity and mixing length, both
increase near the wall, the diffusivity
increases. Near the wall velocity decreases
rapidly to zero, while void space increases
to unity. The preponderant effect of
diminishing velocity decreases diffusivity.
Figure 9b however illustrates the residual
dependence of diffusivity on void space,
since the velocity effect has been isolated
from the defining function.

CONCLUSIONS

Mass transfer in packed beds can be
described as consisting of parallel- and
eddy-transfer mechanisms. The molecular
contribution is invariant with the physical
system and is the sole mechanism operat-
ing at very low Reynolds number. The
eddy contribution, considered on a point
basis, is found to vary with local flow
conditions and can be defined on the basis
of these flow conditions. From empirical
relations eddy diffusivity can be predicted
in terms of point velocity, an easily
measured operating variable.

The variation of eddy diffusivity can be
explained on the basis of velocity and

void space variation within the system.
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NOTATION

A = constant in series solution, area

¢ = concentration, volume %, carbon
dioxide in air

C. = measured average concentration

C; = concentration of pure carbon
dioxide in injection tube

Cy = integral average concentration

C, = concentration at column center

D, = pellet diameter, in.

A.L.Ch.E. Journal

tube diameter, in.
molecular diffusivity, sq. ft./hr.
eddy diffusivity, sq. ft./hr.
total effective diffusivity, sq. ft./
hr.
mass velocity, 1b./sq. ft./hr.
interval size in numerical solution
zero-order Bessel function of
first kind
first-order Bessel function of
first kind
number of position of radial
point
position function of eddy diffu-
sivity

= constant for given radial position
n = index of summation

= total number of
numerical solution
= Peclet number, D, V/E
Ng.. = modified Reynolds number, D,G/
(Nse)ar = Schmidt number, u/pD,/Dy,
P, = weight function in numerical
solution = w0,
radial distance from center of
bed, with r, the tube radius, in.
eigen function representing the
radial variation of concentration
correlation coefficient
radius of injector tube, in.
superficial point velocity, ft./sec.
superficial average velocity, ft./
sec.
height of packed bed above injec-
tor tube, in.
function representing the axial
variation of concentration

O N ST =D U
I (I '

intervals in

,,
I

Il

(I |

N
I

N
1l

Greek Letters

o = ratio of V/E, ft.?

B.re = roots of Jy(Bre) = 0

4 = void fraction

A = eigen constant In numerical
solution

p = density, lb./cu. ft.

0 == dimensionless radial position
term, r/ro

i == absolute viscosity, 1b. mass/ft./
sec.
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